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Shells made of structural glass are beautiful objects from both the aesthetics and the engineering point of view. However, 
they pose two significant challenges. The first one is to assure adequate safety and redundancy concerning possible 
global collapse. Being single-layered, in a shell made of structural glass, the brittle cracking of a single pane can lead to 
a sudden propagation of failure, up to instability. The second one is to guarantee cheap replacing possibilities for 
potentially collapsed components. This research explores a novel concept to address both requirements, where glass is 
both post-tensioned and reinforced and develops the research on TVT post-tensioned glass beams. Following the Fail-
Safe Design (FSD) principles, a steel reinforcement relieves glass deficiencies (i.e. brittleness and low tensile strength). 
Following the Damage Avoidance Design (DAD) principles, glass segmentation and post-tensioning avoid the 
propagation of cracks. Up to now, glass-steel systems were limited to mono-dimensional elements (such as beams and 
columns) or simple bi-dimensional elements (arches, domes, barrel vaults). Instead, massive structures are usually 
realized as grid shells, where glass is used as simple cladding. This research investigates piecewise triangulated glass 
shells to enable the creation of 3D free-form glass-steel systems, where glass is load-bearing material. Hence, laminated 
glass panels are mechanically coupled with a filigree steel truss, whose elements are placed at the edges of the panel and 
act as an unbonded reinforcement. In a performance-based perspective, these steel trusses can be sized to bear at least 
the weight of all panels in the occurrence of simultaneous cracks (worst-case scenario). The panels are post-tensioned 
using a set of edge-aligned cables that add beneficial compressive stress on glass to prevent crack initiation. The cable 
placement and accompanying pre-loads are derived with an optimization strategy that minimizes the tensile stress acting 
on the shell. This optimization procedure also considers the practical constraints involved in the process. The results 
obtained through this automated procedure are later investigated using nonlinear FE analyses. The resulting structures 
optimize the total material usage providing contemporarily both transparency and load-bearing capabilities. Post-
tensioned shells excel in static performances, achieving high stiffness and good redundancy for the worst-case scenario, 
and improve the structural lightness and the visual impact with respect to state-of-the-art competitors. 
Keywords: Glass structures, Conceptual design, Thin shell, Fail-safe, Reinforcement, Post-tensioning, Cables, 
Optimization, Redundancy 
1. Introduction 
1.1. Background and motivation 
Glass is nowadays the most commonly employed building material for façades and envelopes that require a high 
degree of transparency. To maximize the immaterial appearance of the structure and to take full advantage of the 
material usage, the designers have to exploit the load-bearing function to glass (Haldimann et al., 2008). Thus, the 
‘opaque’ supporting material has been gradually diminished and the use of specialized supports, embedded 
connections and components etc. has taken hold. 
The transition to structural glass relates to different architectural components: mono-dimensional elements, such as 
beams and struts (Louter et al., 2012; Louter et al., 2014; Jordão et al., 2014; Martens et al., 2016; Martens et al., 
2016b; Engelmann and Weller, 2019; Snijder  et al., 2015; Oikonomopoulou et al., 2017; Snijder et al., 2019); or bi-
dimensional elements, such as arches (Sobek, 2007), roofs, vaults and facades (Ioannis et al., 2012, Weller et al. 2008, 
2009, 2010), or shear walls (Huveners, 2009). In the last twenty years, several strategies have been gradually 
established in the in order to employ glass for structural purposes, overcoming its mechanical lacks. Besides the 
material treatments and lamination of multiple plies, employing steel reinforcements (Martens et al., 2015) has proved 
to be useful to carry tensile loads, to provide ductility, and to increase the post-breakage behavior. An additional 
improvement might be provided if steel (bars, cables, strands etc.), is used to install a pre-compression stress on the 
glass (Martens et al., 2015b). These additional elements may be employed in bonded (Bedon and Louter, 2019) or 
unbonded configuration. 
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In spite of these advances, there are only a few exemplars of glass shells that use glass as a primary load-bearing 
material. Such structures are either limited in size or shape. In fact, for large or free-form shells, flat or curved glass 
panels are used as infill material for a grid load-bearing steel structure (Schlaich and Schober, 1996; Adriaenssens et 
al., 2014). In response to this lack, the present work develops the research on TVT post-tensioned glass beams (Froli 
and Lani, 2010; Froli and Mamone, 2014) to thin shells. The objective is to use glass as primary bearing material 
expanding the possibilities of glass shells for larger spans and more complex geometries, and achieving aesthetic 
quality, namely more transparency with respect to grid shell competitors, and lightness. 
1.2. Shells made of structural glass 
Transparent shells made of structural glass are fascinating objects from both the aesthetic and structural engineering 
point of view. As most architectural materials, glass is produced only in limited sizes and shapes. Therefore such 
practical constraint poses a significant challenge for material discretization (or segmentation or panelling), and 
connectivity design. Additionally, great attention has to be dedicated in the design phase to both the panels and their 
joints, since they are closely related with the structural behavior and the overall stiffness of the shell. 
Glass shells can be characterized on the basis of their static behavior (similarly to Romme at al., 2013) and categorized 
in two groups: strut-and-tie (or tensegrity) behavior, and shell behavior. 
Strut-and-tie behavior is founded on a force transfer mechanism which occurs at the nodes. This strategy activates 
strut zones along glass panels edges, while the steel profiles - if present - act as ties. These systems usually adopt 
triangular or quadrilateral (usually braced by cables) panels, which are connected at the corners, i.e. with clamping. 
In return, the nodes are high-stressed zones, hence they need special care in design and assembly. The static response 
of these structures is akin to grid shells. Examples are the post-tensioned dome at Weltbild Verlag building in 
Augsburg (Wurm, 2007) and the Maximilianmuseum roof (Ludwig and Weiler, 2000). 
Shell behavior is akin to continuous shells, offering continuous global resistance and smooth load transfer. The linear 
joining system enables an uninterrupted transfer of loads between the panel edges. Consequently, it reduces stress 
concentrations and increases the efficiency of the glass panels. In this case, polygonal panels (usually quads or 
hexagons) might be preferred to triangles as the larger number of edges offers a major redundancy. Examples of these 
structures are the Delft dome (Veer et al., 2003), Blandini's dome (Blandini, 2005) and Plate shell structures (Bagger, 
2010). 
Strut-and-tie structures are more diffuse and built in large-scale exemplars. Hence, they have been extensively tested, 
including extreme failure scenarios such as the complete collapse of panels. On the other hand, shell structures possess 
more local redundancy: if a single panel is weakened by a crack, the membrane behavior distributes the load along 
alternative paths. However, the complete collapse of single or multiple panels is not explicitly managed. 
Strut-and-tie structures appear reliable enough to be used for large-size envelopes and for more complex target shapes. 
So, the present work pursues the Strut-and-tie approach, which employs flat triangular glass panels. Moreover, as 
glass structures generally adopt additional safety layers to avoid dangerous brittle failures, some steps forward are 
made also in the conceptual phase. Thus, the concept of dual layer beams explored in TVTs has been developed to a 
single layer concept as in Froli and Laccone (2018) Hence, this new concept has been applied to a simple and 
geometrically-predefined volume-forming structures. Indeed, apart from tempering and lamination, these additional 
safety layers are provided by coupling the panels with both unbonded reinforcements and cables. 
1.3. Structural concept and outline 
In this work, a specific structural concept (Froli and Laccone, 2018; Laccone, 2019) is applied to realize triangulated 
glass shells (Fig. 1). Following this strategy, glass panels are both reinforced and post-tensioned, addressing two main 
requirements.  Following the principles of the Fail-Safe Design (FSD, CNR, 2012), the first requirement is to assure 
adequate safety and redundancy for global collapse. Following the Damage Avoidance Design (DAD) principles 
(Mander and Cheng, 1997), the second requirement is to avoid damages, especially on glass, or at least to guarantee 
a cheap and easy replacing of collapsed components.  
While FSD has been consistently used in glass design, up to now DAD concerns mainly the earthquake engineering 
field, but some DAD features emerge clearly in the present system. For example, to minimize the failures on the most 
vulnerable structural member (glass), target surface is segmented into multiple triangular panels; and to allow safely 
reversible displacements, rounded corners and dry mono-lateral clamping are employed. Other DAD features of this 
system are related with the dynamic behavior, i.e. energy dissipation and post-event serviceability, and were already 
observed in TVTs experimental tests. So, such features should be considered also in the present shells but will be 
addressed in future works.  
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Fig. 1 Rendering view of a reinforced and post-tensioned glass shell (Simplilium case study). 
Each pair of adjacent panels shares an unbonded reinforcement, which is bolted onto spatial steel nodes that provide 
also for the panels’ clamping. Thus, all the reinforcements form a triangulated truss that can be regarded as redundancy 
barrier to avoid global collapses in case of glass cracking. Post-tensioned cables, which are point-fixed on the same 
nodes, prevent the glass from carrying tensile stresses and increase the global stiffness. The cables result slightly offset 
from the main layer of glass as shown in Fig. 2. 
 
Fig. 2 Edge detail with structural laminated glass package, hollow rod as reinforcement (with different restraint degrees) and spiral cable: 
(top) with sacrificial glass layer; (bottom) with IGU. 
As evidenced also in Engelmann et al. (2017), and Hayek et al. (2018), redundancy is an essential requirement to be 
considered the design of these shells. Extreme scenarios that account also glass cracking should be ensured. The 
proposed performance-based design philosophy plans to size the reinforcement cross area in proportion to the 
relevance of the structure, and to support at least the weight of all panels as a dead load. This latter scenario simulates 
an extreme an after-impact limit case, here defined as ‘worst-case scenario’, in which all panels are supposed collapsed 
and consequently with null stiffness. The cracked panes are considered unable to fulfil safely any load-bearing task 
except to transfer their weight to the corner supports. Hence, the mechanics of the shell approaches a grid shell 
behavior. Beyond this safety function, this skeleton of reinforcements provides a further advantage of realizing a self-
supporting structure that can be effectively used in the assembly phase, avoiding the need for a diffuse scaffolding 
(Fig. 3). 
The conceptual design phase of such shells is managed automatically by a bespoke statics-aware algorithm that tackles 
geometric and manufacturing constraints as well as structural requirements. Starting from a continuous surface, its 
main objectives are to derive the tessellation geometry and the optimal cables distribution with their respective pre-
loads. 
Starting from exemplary surfaces, several case studies are optimized and later analyzed with nonlinear FEM 
simulations to validate the proposed approach and to provide quantitative information on the structural response of 
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these systems. The main purpose is to prove the feasibility of these structures and to compare the results with their 
grid shells competitors.  
 
 
Fig. 3 Assembly procedure a reinforced and post-tensioned glass shell (Spherical Dome case study): a) assembly of the reinforcements 
forming a skeleton; b) lying of glass panels; c) cables post-tensioning; d) edge sealant and waterproofing of nodes. 
2. Automated design framework 
2.1. Premises and basic assumptions 
Due to the strut-and-tie behavior of these shells, the glass panel can be regarded as a triangulated truss (as per Ludwig 
and Weiler, 2000) in the conceptual design phase. This triangulated truss is aligned with the edges of the mesh. So, as 
long as these glass edges are compressed, the stiffness of the structure is increased and the risk of a tensile failure on 
glass is reduced. This compression may result from external loading (i.e. service load) or induced by post-tensioning 
forces, exerted by cables along dedicated paths.  
The equilibrium of these glass shells is guaranteed even without cables. Being edge-aligned, the reinforcement can 
sustain tensile forces. Simultaneously, the rounded corners can detach from the nodal cap at each panel vertex and 
avoid the spread of tensile stresses on glass (this is a mechanism designed and experienced on TVTs). In compression, 
the glass edges and the reinforcement have in-parallel stiffness. The fact that this kind of shell has already an 
equilibrium solution, yet not very efficient, is the basic principle of the present methodology. The main idea is that 
post-tensioning a selected set of cables with a certain pre-load can relieve the shell from traction. It is clear that the 
problem here poses two indeterminacies: the cable path selection and the accompanying pre-stressing force magnitude. 
This optimization is formulated as a mixed integer quadratic problem, whose basic assumptions are thin shell theory, 
linearity of material and displacement, and negligible loss of pre-load. Input data of the problem are the target surface, 
its boundary supports, and load. 
In common design practice, the base surface of a shell is often the architect’s given input. An ideally optimal structural 
behavior for compressed discrete shells is obtainable not only by means of a funicular surface, but also with a proper 
tessellation. Several research works have demonstrated that the static performances of a grid shell are sensitive to the 
topology, the size and the shape of the cells (Pietroni et al. 2015, Jiang et al. 2017, Li 2017). However, thanks to the 
static improvements provided by the cables, the topology of the shell is fixed and does not require further optimization. 
In this light, a single step of remeshing is sufficient to embed mechanical and geometric limitations on glass panels. 
However, this approach requires the input surfaces to be funicular or almost-funicular under appropriate boundary 
conditions. Indeed, since the cables are lying on the surface, potential stress due to bending and twisting cannot be 
avoided or optimized. 
2.2. Methodology overview 
Fig. 4 summarizes the main steps of the automated design workflow: 
• Surface triangular meshing, to build a quasi-isotropic tessellation made of triangular panels; 
• Generation of a reduced model made of linear trusses, in which each edge has a calibrated stiffness that 
represents the contribution of both glass edges and the reinforcement in between; 
• Computation of axial stress on the reduced model induced by SLS uniformly distributed load; 
• Geometric generation of all possible cable paths by joining subsequent mesh edges; 
• Computation of individual equilibrium solutions of the reduced model subject to each cable loading; 
• Superimposition of effect and selection of an optimal subset of cables with appropriate pre-loads such that 
the overall tensile stress is minimized. 
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This workflow has been implemented in MATLAB (2018) and C++ using the VCG library (VCGlib, 2018). 
 
 
Fig. 4 Morphogenesis pipeline: (a) input geometry; (b) regular re-meshing of the input surface; (c) SLS stress on the linear truss model subject 
to an external load (red compression, blue tension); (d) set of candidate cable paths; (e) selection of cable paths with accompanying pre-loads; 
(f) resulting stress on the truss model after the optimization employing selected cables and pre-loads. 
The surface is tessellated with flat triangular faces using the algorithm by Jakob et al. (2015). For a matter of geometry 
and aesthetics, the positioning of the cables is constrained to overlap the net of reinforcements. Thanks to this 
improvement, the two opaque components have minimal interference with the transparency of the panels. 
Consequently, the great advantage is that in a single step of surface re-meshing, glass panels and the grid of 
reinforcement are automatically set. Lastly, also candidate cable paths may be found since they are enforced to align 
with a subset of mesh edges. 
This remeshing phase allows to constrain the target edge length (or alternatively the total amount of panels) in order 
to have panel edges with similar mechanical performances and uniform stiffness; to constrain the shape of the faces 
to be as-regular-as-possible; and to align the boundary edges in order to avoid cutting the panels, which may result in 
unpleasant tiny or irregular shapes. 
A reduced model is employed to obtain a straightforward static response within the optimization routine. In line with 
the expected static behavior, the shell is regarded as strut-and-tie assembly, where the nodes of the structure are 
connected by mono-dimensional truss elements, i.e. the edges of the mesh. These are equivalent trusses, concentric 
with the reinforcement axes, whose stiffness sums the contribution of both the steel reinforcement and the portions of 
adjacent glass panes. These elements have a marked nonlinearity depending on the sign and magnitude of loading. 
However, for the sake of simplicity, the stiffness is linearized and reduced to be on the safe side. Its calibration is 
referred to Section 3.5. 
Since the structures are thin shells, the membrane hypothesis applies. Consequently, the reduced model possesses only 
in-plane stiffness (truss elements and frictionless nodes) and manifests large sensitivity with respect to loads that are 
not-perfectly funicular. A limited out-of-plane resistance is provided through a low-stiffness secondary net of trusses, 
particularly to face the scenario of cables loading or to stabilize the solution in case of slightly-inaccurate membrane 
loading. 
A uniformly distributed load is applied at the nodes, so the bars are only axial stressed. As a result of this linear static 
analysis parts of the rods are compressed and other tensioned. The tensioned bars highlight the areas of the shell where 
external post-tensioning (provided by the cables) should be applied. 
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Fig. 5 Scheme of the reduced model adopted within the optimization routine: main truss in green, low-stiffness secondary trusses in orange, 
rigid truss in grey. 
The well-known objective of pre-stress is to stiff the shell and to enhance the efficiency of the structure. Additionally, 
as in this case, pre-stress is used to eliminate or to significantly reduce the overall tension. Technically, once the shell 
is assembled the pre-stress is conferred by post-tensioning via cables. Sliding cables are point fixed at the nodes, so 
that their configuration results in a 3D polygonal line described by subsequent glass edges. 
The post-tensioning force is generated on the cables by bolting threaded extremities (for low pre/load magnitudes), or 
by using stressing jacks at extreme anchoring points, usually at the boundaries of the structure. Apart from this 
extremity component, forces derived by the change of direction of a cable (as per Fig. 6) are more relevant especially 
in the cases of spatially curved structures. Depending on the cable path, two main cases can be distinguished: if the 
cable is smoothly deviated, its action results in a uniformly distributed load p (such as in post-tensioned concrete with 
parabolic cable path, (a) of Fig. 6); if the cable is deviated punctually, it assumes the configuration of a polyline, at 
whose nodes a punctual force P is exerted (such as in external post-tensioned structures or harped tendons in 
prestressed concrete, (b) of Fig. 6). The latter case is compliant with the geometry adopted in the present methodology. 
Forces due to friction develop because in all points where the direction changes tangential forces are transmitted to 
the structure. These forces reduce the pre-stress causing the so-called loss due to friction. 
In a first step, a candidate set of cables is generated on the re-meshed surface by iteratively chaining sequences of 
adjacent edges along collinear directions, until all the edges have been explored. A cable can either terminate at the 
boundary or it can create a loop. For efficiency of post-tensioning, the cables that include kinks with a deviation angle 
larger than 40° are discarded, as they may induce undesired shear on the surface. 
Once the geometry of the cable is known, its equivalent load on the nodes P can be trivially computed assuming that 
each cable has a uniform tension, i.e. 𝑃𝑐𝑎𝑏𝑙𝑒 = 1.0 𝑘𝑁. Under linearity hypothesis, the magnitude of pre-load can be 
varied by simply applying a load multiplier for the unitary equivalent load. A single candidate cable can induce both 
tension and compression on the reduced model. The ability of each subset of candidate cables to reduce traction 
globally from the trusses can be iteratively checked via superimposition of effects on the reduced model. The selection 




Fig. 6 Forces due to change of direction of the cable: a) on smooth path; b) on segmented path. 
2.3. Design cases and optimization results 
This iterative optimization process has been tested on several datasets, as shown in Fig. 7 and described in Tab. 1. For 
sake of consistency, all the examples shown in this paper have the same target edge length of 1.0 𝑚, and also same 
glass stratification, same reinforcements and cables. The maximum pre-load for cables is constrained to be smaller 
than 40 𝑘𝑁 and the maximum compression for the equivalent truss in the reduced linear model to be larger than 
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−30 𝑘𝑁 to avoid buckling. The steel reinforcement has a hollow profile with 33.7 𝑚𝑚 of outer diameter and 4 𝑚𝑚 
of thickness. The reason for the hollow profile is that it is not sensitive to buckling for low-level loads (either in 
collaboration with glass and in the WCS), but other strategies for cross-section and restraint selection can be covered. 
Cables are 15 𝑚𝑚-diameter ropes, and glass panes are PVB-laminated 8 + 1.52 + 8 𝑚𝑚 thick. 
 
Table 1: Metrics and analysis results on different models with reference to Fig. 7. 
Name Size [m] Nodes Panels Rods Cables Bucking multiplier 𝜆 Bucking multiplier 𝜆𝑜𝑝𝑡 
Vault 19.1 x 20.3 x 6.9 506 931 1436 59 9.11 14.69 
Simplilium 25.7 x 24.2 x 6.3 582 1090 1671 48 9.74 15.22 
Calla 20.8 x 16.0 x 8.6 557 1036 1593 56 10.57 17.91 
Bean 21.7 x 16.7 x 5.7 429 796 1224 38 11.72 19.12 
Snake 26.8x14.6x6.4 456 829 1284 55 10.16 15.85 
Donut 19.4x17.3x3.6 489 909 1398 49 19.62 32.12 
Triangle 25.9x20.9x8.8 614 1155 1768 32 8.90 13.97 
 
Fig. 7 shows that the positive axial forces on the reduced model is considerably reduced by the iterative optimization 
process, as a consequence the equivalent truss model is almost-exclusively supporting compression. Moreover, 
limiting the compression to stay above a lower boundary optimizes implicitly the material utilization. If an optimized 
post-tensioning is applied, the buckling multiplier increase up to about the 70% with respect to the same non-post-
tensioned shell, resulting in a sensible increase of robustness (Tab. 1). The buckling multipliers in Tab. 1 are evaluated 
by means of a linear buckling analysis (eigenvalue analysis) for a consistent comparison with the non-post-tensioned 
shells (and later in Table 3 with grid shells). 
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Fig. 7 Results of the optimization algorithm 
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3. Nonlinear investigations 
3.1. Materials and methods 
From the case studies optimized in the previous step, nonlinear models are built in the FEM package Straus7 (G+D 
Computing, 2005) with the aim of performing analyses that take into account mono-lateral connections (contact non-
linearities), shrinkage in the post-tensioning phase and geometric nonlinearities. These tests are not meant to be 
exhaustive of all physical phenomena, but only to catch the shells global performance and to verify the load case that 
has been object of the optimization. The modelling phase has been supported by the TVT state of the art (Froli et al., 
2017), especially for the calibration of contacts, since the structural members and loads here applied are comparable. 
In particular, the ‘simplified model’, which is calibrated to give similar static response with respect to more refined 
models, is adopted. Although simplified, these analyses already involve a considerable number of variables, so 
material non-linearities have been neglected. Characteristic values are adopted for materials. 
The geometry of the model is generated by means of a grasshopper script with the mesh and the cables indices as 
input. For the sake of simplicity, the panel is supposed to lie in the same plane of its three-side reinforcement, the 
eccentricity with respect to this plane that the panels potentially have (see the detail design of Fig. 2) is neglected. 
Steel reinforcements are modelled as beams, however, both bending and torsion are negligible. Steel nodes, where 
rods merge, are dimensionless nodes, with the additional effect of augmenting the slenderness of the rods, ignoring 
the node encumbrance (Fig. 8). The glass-to-steel link is a spring with axial capacity (to resist deformations along its 
axis), lateral (for all lateral movements) and twist resistance (about its axis). The bending constraint that in real cases, 
is given by the panels’ steel caps is not included. The modelling of panel moreover suggests that peak stresses that 
may arise in the tip closeness because of force concentration. Stress verification is meaningless in this phase and are 
demanded to successive detailing design. Monolithic plate elements are used for glass panes and are re-meshed with 
an eight-node quadrilateral FE (Quad8) of target size of 5% of the panel side length. The cables are modelled as 
tension-only segments, which nodes are assumed to be rigidly coupled to the frame nodes. In the current analysis 
border conditions for all models are pin joints and correspond to their boundary vertices. 
The cable pre-load is applied through tension-only elements simultaneously with the dead load. The dead load 𝐺1 is 
automatically computed from the element density, moreover, an additional uniformly-distributed vertical 𝑄𝑘 =
 1.00𝑘𝑁 = 𝑚2 loading acting on the panels (in the direction of gravity, i.e. snow loading) is superimposed. In the 
post-tensioning load case P, the cables pre-load deducted from the optimization phase are effectively applied. The 
loads of the three-step analysis according with the Italian national code MIT (2018) are summarized in Tab. 2. 
 
Table 2: Load step definition for the nonlinear analyses. 
Load step Simulated phase  Load coefficient 
   𝑃 𝐺1 𝑄𝑘 
0 Assembly and post-tensioning 1.0 1.0 0.0 
1 SLS 1.0 1.0 1.0 
2 ULS 1.0 1.3 1.5 
 
For case study, the extracted results are: (i) axial forces and stress field in the post-tensioning phase (in order to check 
if glass effectively undergoes compression stresses in the assembly); (ii) axial forces and stress field at SLS; (iii) axial 
forces and stress field at the ULS; (iv) redundancy rate R. The latter quantity is obtained as the ratio between the safety 
factors for the ULS load combination of the structure 𝑆𝐹ℎ𝑦𝑏 over the safety factor in the WCS 𝑆𝐹𝑊𝐶𝑆. The WCS 
scenario is simulated in a separate model where the plates are substituted with load patch elements, namely non-
structural elements for area-load distribution. 
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Fig. 8 FE modelling strategy adopted for the global analyses: dimensionless node and elements merging on it. 
3.2. Global analyses 
The results of nonlinear analyses are shown in Fig. 9. All datasets, regardless their size and shape, manifest similar 
characteristics and achieve all objectives. The stress field on the panels complies with the output of the optimization 
phase, namely the tractions are very limited, especially at the SLS, and located similarly in restricted areas. The peak 
values are usually reduced at the SLS, which has been the loading phase object of the optimization. Glass pre-
compression is diffuse and uniform in the assembly phase, while from the SLS phase, de-compression spreads and 
high stresses are located in adjacency to post-tensioned edges. From the material utilization point of view, the solution 
adopted is optimal because the elements are uniformly stressed, as it will be noted also from the comparison with the 
structure at WCS. 
In all cases, the safety factors for the steel components result 𝑆𝐹ℎ𝑦𝑏 > 3.00 and 𝑆𝐹𝑊𝐶𝑆 > 1.00, with a redundancy 
always larger than unitary 𝑅 > 1.00 (see section 3.4 for a discussion on redundancy). For an effective comparison of 
both the design scenario, the full ULS load is considered. As a consequence, the comparison of axial forces can be 
then considered as a comparison between the present glass shells and grid shells in terms of steel utilization and stress 
map. In this regard, the main point of the present structures is that the spectrum of axial forces is very reduced with 
the center of distribution on negative values, while at the WCS (or for a grid-shell-like behavior) a larger and scattered 
range of values can be noted. The system efficiency is enhanced. 
3.3. Comparison with grid shells  
Grid shells are the principal competitors of the present glass shells. In grid shells the only load-bearing material is 
steel. Effective comparison criteria cannot be based on the resistance of steel components, because it would penalize 
grid shells. Instead, the two structures can be compared if they both have the same buckling multiplier. So, for each 
case study the cross-section properties of the grid shell are varied (among those present in commercial catalogues) to 
match the value of the buckling multiplier 𝜆𝑜𝑝𝑡 (with ref. to Tab. 1). Tab. 3 collects the results coming from case 
studies in which a global buckling shape manifests as at the first buckling mode. On the other hand, case studies that 
manifest local buckling failures (e.g., panels instability) are evidently excluded. 
Using hollow steel beams in grid shells, both the outer diameter and thickness can be tuned. Usually, it emerges that 
comparable performances are obtainable if the diameter is doubled. In this case, the total weight is also roughly 
doubled and the overall transparency of the structure will be inevitably affected by the new size of the beam. Fig. 10 
reports images generated with same rendering settings in both cases, namely reinforced and post-tensioned glass shells 
and grid shell (with doubled steel section). Instead, the use of solid steel beams for grid shells results in a more compact 
cross-section, which is however bigger than the hollow reinforcement of the glass shell case, but, even worse, the total 
weight of the steel will be roughly quintupled. Making use of glass structurally demonstrates advantages in terms of 
both visual and structural lightness, because of respectively the small impact on transparency and the high ratio 
between load capacity and own weight. 
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Fig. 9 Results of non-linear analyses on Vault, Simplilium, Calla, Bean, Snake, Donut, Triangle case studies: (left) glass minimum principal 
stress at SLS; (center) truss axial forces at the ULS; (right) axial forces in the WCS (glass as dead load). 
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Table 3: Cross-section properties of grid shell with comparable buckling multiplier. 
  Present glass shell   Grid Shell w/ solid section   Grid Shell w/ hollow section 
Name 𝜆 Section Weight   𝜆 Section Weight   𝜆 Section Weight  
    [mm] [kg/m]     [mm] [kg/m]     [mm] [kg/m] 
Simplilium 15.22 
33.7x4 2.93 
 18.06 45 12.48  18.07 63.5x3 4.48 
Bean 19.12  23.08 40 9.87  19.73 57x2 2.71 
Snake 15.85  19.84 45 12.48  18.27 63.5x4 5.87 




Fig. 10 Visual comparison (Calla case study) between the present glass shell (left) and a classical grid shell with same tessellation and 
comparable buckling factor (right). Hollow steel beams of 63.5mm outer diameter and 4mm thickness are used for the grid shell (double 
section size and weight). 
3.4. Estimation of redundancy  
Due to the relevance of the investigated structures, the reinforcement has been realistically sized to achieve a safety 
factor larger than unitary in the WCS. To be on the safe side, in this latter scenario, the full loading at the ULS is 
considered, and consequently it has more sense to compare both the design scenario and the WCS at the ULS. In Tab. 
4 are collected the safety factors, 𝑆𝐹 and 𝑆𝐹𝑊𝐶𝑆 achieved at the maximum-stressed reinforcement element in both 
cases. In all datasets, a sensible raising of these factors emerges at the ULS with respect to the WCS. In the last column, 
𝑅 =  𝑆𝐹/𝑆𝐹𝑊𝐶𝑆, ratio of the two values, represents a measure of the redundancy level. As emerging from the literature 
(i.e. in Weller et al., 2008), a safety factor for steel components in structures similar to the present ones is meanly 3.0. 
Consequently, this value can be assumed as objective function that iteratively updates the sizing of reinforcement to 
match it. 
For a more effective comparison, in the present design exploration the size of the reinforcement is kept constant. 
However, this choice lead to ‘undesired’ effects: (a) the Vault dataset, due to its dimension and shape, achieves a 
𝑆𝐹 =  2.37 that is lower than 3; (b) the Spherical Dome dataset (with ref. to Fig. 3) has a R value lower than 1, namely 
the truss network has more safety margin in the WCS than at the ULS. In particular, this latter effect is due to the 
oversized reinforcement cross section with respect to the design demands, as shown by the high SF values, which lead 
to a stiffer skeleton (the Spherical Dome case study is smaller with respect to other examples, i.e. 
6.67 𝑥 6.67 𝑥 3.34 𝑚). Locally, apart from the compression generated by the vertical loads, some rods are further 
overloaded by the post-tensioning forces. These results also prove that a correct reinforcement calibration is paramount 
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Table 4: Safety factors and redundancy rate on different models. 
Name 𝑆F =  min(𝑁𝑅𝑑 𝑁𝐸𝑑⁄ )i,ULS 𝑆𝐹𝑊𝐶𝑆 =  min(𝑁𝑅𝑑 𝑁𝐸𝑑⁄ )𝑖,𝑊𝐶𝑆 𝑆F/𝑆𝐹𝑊𝐶𝑆 =  𝑅 
Spherical Dome 10.84 12.13 0.89 
Vault 2.37 1.62 1.46 
Simplilium 5.58 2.17 2.57 
Calla 3.85 1.54 2.50 
Bean 5.88 3.14 1.87 
Snake 5.57 2.47 2.26 
Donut 5.69 3.25 1.75 
Triangle 5.43 2.34 2.32 
 
Another redundancy estimation has been proposed in Engelmann et al. (2017), and Hayek et al. (2018). The authors 
considered the scenario in which glass panels fail in maximal-normed displacement areas of the first buckling mode. 
A failed panel is simply removed creating a new model that can be analyzed to iterate the procedure. Thus, they 
explored progressive failures by removing at each step one up to four broken faces, until a maximum of four panels 
is removed or until the shell is not stable anymore. However, this method requires a more detailed model and goes 
beyond the objectives of this work. 
3.5. Local analyses  
In this section, an elementary unit of the system is analyzed. This unit is made of five steel reinforcement rods, 
surrounding two symmetric triangular panes, and merging into four nodes. The central edge shared among the two 
glass panels can be either tensioned or compressed. Additionally, it is post-tensioned by means of a cable segment. 
The static scheme is depicted in Fig. 11. This setting idealizes a generic reinforced and post-tensioned mesh edge of 
the system, although real cases are clearly more complex because of the spatiality of the problem and non-symmetrical 
geometry and load. However, the results are crucial for evidencing the nonlinearity of the problem. The force-
displacement relation is computed from two exemplary design cases that are based on the same geometry, but differ 
for cable pre-load magnitude. The homogenized section method is used to provide quantitative results.  
A more detailed modelling is adopted to describe the response of the elementary unit. The basic difference with respect 
to the previous global models is that the glass-to-steel contact is fully included. The behavior of the spacers is 
accounted by means of compression-only Cut-off bars, arranged radially to the rounded glass vertices of the panels, 
which are modelled with their actual geometry.  
In the two design cases, the cable, which is a 15 𝑚𝑚-diameter Cut-off-bar with a brittle failure behavior occurring at 
50 𝑘𝑁, is post-tensioned at 20 𝑘𝑁 in the first case and at 40 𝑘𝑁 in the second. In both cases, the panels lie in the same 
plane of the rods, and gravity loading 𝑔1 is acting in the direction aligned with their normal. The panel corners are 
installed onto elastic supports of stiffness 𝑘 =  85 𝑁/𝑚𝑚2  (deduced from a detailed 3D model of the clamping 
contact, as in Laccone et al., 2020). Test loads F are applied on the central nodes, which are over-resistant with respect 
of all other elements. A two load steps analysis include the Load step 0, with gravity and post-tensioning; and the 
Load step 1, where the force F is increased up to failure (with positive and negative sign). 
 
Fig. 11 Static scheme of the elementary unit adopted for the local analyses 
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The two response curves (Fig. 12) are centered with respect to the end of Load step 0, so essentially the graph reports 
the response of an equivalent already-post-tensioned rod. For a quantitative comparison, a dashed line reports the 
analytical response of the only steel rod actually included in the model (external diameter 33.7 𝑚𝑚; thickness 4 𝑚𝑚), 
whose stiffness 𝐸𝑅 is given by: 
𝐸𝑅 =  
𝐸𝑠 𝐴𝑠
𝐿
 =  98.84 𝑘𝑁/𝑚𝑚 
where 𝐸𝑠 is the steel Young’s modulus, As the cross-section area and 𝐿 the length of the rod. Moreover, it results 
useful for the discussion to include the value of the tensile stiffness 𝐸𝑅+𝐶  of the rod in parallel with the cable. 
𝐸𝑅+𝐶 =  
𝐸𝑠 𝐴𝑖𝑑
𝐿
 =  134.44 𝑘𝑁/𝑚𝑚 
Both response curves can be approximated as a multilinear relationship that is function of the load F and its sign. If 
the interpolating line is found on each segment (C, T1, T2, T3), it is possible to evaluate the mean stiffness from the 
slope value, reported in Tab. 5. Apart from the last value of the mean stiffness 𝐸𝑇3, both models present same stiffness 
values in the other three segments. In compression (C), the rod results very stiff (𝐸𝐶) and behave almost elastically up 
to 80 − 90 𝑘𝑁 in both cases. On the positive side, the first segment of tension T1 is even stiffer (𝐸𝑇1). Here, the panel 
is decompressing. Additionally, the steel rod retrieves its pre-compression, even though very limited because pre-
compression is adsorbed almost exclusively by glass. Then, the rod is tensioned in parallel with the cable. In the 
second step T2, the slope changes with the end of the decompressing phase, so glass manifests only parasite tensile 
stresses, while the steel components are tensioned. The detachment of Cut-off bars simulating the compression-only 
spacers located at the caps cavity starts and completes with a nonlinear shifting at the end of T2, and a slightly reduced 
stiffness (𝐸𝑇3 instead of 𝐸𝑇2). Thus, for the 𝑃 =  20 𝑘𝑁 curve, the stiffness gradually approaches the 𝐸𝑅+𝐶  value. 
  
 
Fig. 12 Load-displacement curve of an ideal reinforced and post-tensioned edge of the shell (two cases with 𝑃 = 20 𝑘𝑁 and 𝑃 = 40 𝑘𝑁 pre-
loaded cables). 
The main differences between the 𝑃 =  40 𝑘𝑁 curve with respect to the 𝑃 =  20 𝑘𝑁 curve are that (a) the length of 
the segments is different, and as it can be easily imagined this is a function of the post-tension rate; and (b) there is a 
marked nonlinearity occurring between the segments T2 and T3, which is interpreted as the failure of the cable due to 
the high post-tensioning stress rate. In fact, the last part of the curve has a stiffness 𝐸𝑇3 that results lower than 𝐸𝑅+𝐶 , 
and, excluding secondary effects caused by glass tensioning, approaches the 𝐸𝑅 value. 
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Table 5: Mean stiffness of each segment of the load-displacement curves in Fig. 12. 
Mean stiffness  Value [𝑘𝑁/𝑚𝑚] 
  𝑃 =  20 𝑘𝑁  𝑃 =  40 𝑘𝑁 
𝐸𝐶   332.36 332.00 
𝐸𝑇1   400.24 400.43 
𝐸𝑇2   167.32 167.64 
𝐸𝑇3   155.11 121.30 
 
Observing Fig. 12, it clearly emerges that the post-tensioning magnitude affects the length of segments in the ideal 
response curve. Noting that the curves are aligned to have the end of Load step 0 at the origin of axes, it could be 
imagined that they perfectly overlap if the starting of Load step 0 is instead located at the origin. In extreme 
simplification, to have an idea of the effect of different post-tensioning rates the response curve can be simply shifted 
for a value proportional to the increment of post-tensioning (i.e. with respect to the 𝑃 =  20 𝑘𝑁 curve).  
Although the problem remains nonlinear and more complex, it seems that the ultimate limit load, i.e. for compressive 
failure, is not sensitive to the post-tensioning rate. This result is in line with usual post-tensioned structures outcomes 
and was already found in the TVT experience (Froli and Lani, 2010). On the tension side, the stiffness and the limit 
load are function of the rod and the cable stiffness and resistance.  
These analyses aim at highlighting the need for a careful design and a posteriori verification because the nonlinearity 
is not managed in the conceptual phase, nor the inherent anisotropy of the structure caused by the non-equal mesh 
edge behavior and non-uniform distribution of post-tensioning on the edges. Indeed, the methodology presented in 
section 2 relies on a linear stiffness (red line in Fig. 12) to be used on the reduced model. The value is obtained from 
a linear regression of the nonlinear response (with no post-tensioning), reduced by the 20% to be on the safe side. 
However, on the basis of several experiments on all datasets it has been observed that the linear stiffness has a low 
sensitivity on the final optimum result. This effect is related the geometry of the mesh, which is an almost-isotropic 
triangulation, able to produce a quasi-isotropic shell. The advantage is that the sizing of the components should be 
slightly adjusted in a detailed design phase without altering the optimum found. 
4. Conclusions 
Transparent shells can be realized as piecewise assembly of structural glass triangular panels both reinforced with 
unbonded steel rods and post-tensioned by cables. The specific concept here employed provides safe highly-
transparent and material-efficient structures with broad applicability, also in the context of free form architecture. 
These shells can be effectively sized by using some simplified hypotheses (i.e. linearity, superimposition of effects 
etc.). However, the occurrence of local mechanism has to be checked accurately using more detailed models. 
Nonlinear static analyses on structures generated according with the outlined static concept and generative workflow 
demonstrate the robustness of the structural system. The structural safety can be deemed appropriate since the panel 
is mostly compressed at the SLS, and the structure is uniformly and diffusely loaded. A high redundancy with respect 
to the WCS is stated within the investigated case studies. However, the response of these glass shells subject to other 
load cases, in particular for asymmetric loadings are still to be considered.  
These structures might fit the target category of the intermediate-spanned thin-shell structures, and they can be 
competitor of grid shells. Moreover, making use of structural glass demonstrates advantages in terms of both visual 
and structural lightness. 
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